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Abstract. Oscillating moduli fields can support a cosmological scaling solution in 
the presence of a perfect fluid when the scalar field potential satisfies appropriate 
conditions. We examine when such conditions arise in higher-dimensional, non- 
linear sigma-models that are reduced to four dimensions under a generalized Scherk- 
Schwarz compactification. We show explicitly that scaling behaviour is possible 
when the higher-dimensional action exhibits a global SL(n, R) or 0(2,2) symmetry. 
These underlying symmetries can be exploited to generate non-trivial scaling solutions 
when the moduli fields have non-canonical kinetic energy. We also consider the 
compactification of eleven-dimensional vacuum Einstein gravity on an elliptic twisted 
torus. 

Keywords: Cosmological applications of theories with extra dimensions, Physics of 
the early universe. 
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1. Introduction 

Scaling solutions play a central role in cosmology P^EIEIIIIEIEIEIEIEI [Hll EEH 
H21 H31 HH H5l [161 HH HH [SOI EI]. They allow one to determine the asymptotic 
behaviour of various models and to establish whether such behaviour is stable or not. 
They also provide a framework for understanding the general dynamics of scalar fields 
in cosmological backgrounds. A scaling solution arises when the energy densities of 
the fields that contribute to the total energy density vary at the same rate with time. 
This implies that the field densities relative to the total density remain constant. For a 
spatially flat and isotropic Friedmann- Robertson- Walker (FRW) universe this generates 
a power-law expansion (or contraction) of the scale factor. 

A novel type of scaling behaviour in flat FRW cosmologies was recently uncovered 
by Karthauser, Saffin and Hindmarsh (KSH) [22]. These authors considered a multi- 
field scenario consisting of a perfect fluid with equation of state 7 = (p + p)/p<2 and 
a set of canonical scalar fields interacting through a potential 

V = \e^Y. m lxl (1) 

where c is a constant and m a represent the masses of the moduli fields Xa- When these 
fields oscillate about the potential minimum, there exists an approximate analytical 
solution where the perfect fluid and scalar fields maintain constant fractional energy 
densities given by 

a, = 1 - n s ~ i - fc^, (2) 

respectively [22J. 

Such behaviour may have important implications for resolving the moduli problem 
of the early universe. If the oscillating moduli were uncoupled to the <^-field (i.e. if 
c = 0), they would behave collectively as a pressureless fluid and would quickly come to 
dominate the cosmic dynamics [23]. On the other hand, massless moduli fields behave 
as a stiff perfect fluid and rapidly become subdominant to a fluid such as radiation with 
7 < 2. The coupling of the ip- field exponentially suppresses the moduli masses in the 
limit cip — > — oo in such a way that their energy density remains fixed relative to that 
of the background fluid. 

It is therefore important to consider more general potentials inspired by unified field 
theory that support cosmological scaling behaviour driven by oscillating moduli fields. 
The purpose of the present paper is to investigate concrete examples that are derived 
under a generalized dimensional reduction scheme introduced by Scherk and Schwarz 
|24j . which is referred to as 'reduction with a duality twist' [25]. In this scheme, a 
non-linear sigma-model with global duality symmetry G is reduced on a circle (or more 
generally a torus) with periodic coordinate y <~ y + 1 in such a way that the fields 
are 'twisted' over the S 1 by an element of G. The dimensionally reduced theory is 
independent of the compactification coordinate if the field dependence on y is of the form 
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y) = exp(Cy)4>(x), where C is a generator of G in an appropriate representation 
[261 [251 [23 [281 [29]. 

The structure of the paper is as follows. In Section [21 we review the derivation 
of the scaling solution and identify the necessary conditions that a multi-exponential 
potential must satisfy for such behaviour to arise. Section [3] develops a compactification 
scheme where a non-linear sigma-model is compactified on a circle with a G duality twist 
and then reduced to four dimensions by a standard Kaluza-Klein ansatz. We proceed 
in Sections H] and [5] to investigate non-linear sigma-models that exhibit global SL(2,i?) 
and 0(2,2) symmetries, respectively, and demonstrate that such models can result in 
cosmological scaling. These symmetry groups are motivated by the compactification 
of pure Einstein gravity and the Neveu-Schwarz/Neveu-Schwarz (NS-NS) sector of the 
string effective action on a two-torus. We then discuss the S(n,R) model in Section [6] 
and employ our results in Section [7] to resolve an ambiguity of Ref . [22] . Finally, we 
conclude in Section [HI 

Units are chosen such that IQnG = 1. 



2. Scaling Cosmology with Oscillating Moduli Fields 

2.1. Approximate Analytical Scaling Solution 

The canonical scalar field equations for the system (CQ) take the forrrjj] 

+ 3 H<p+lce c *J2 m lxl = O (3) 
X a + 3Hxa + ml Xa e cv, = (4) 
and these fields have a combined energy density 

Ps = ^ 2 + lE{xl + (5) 

It is assumed that the massive fields Xa are oscillating around the minimum of the 
potential with a period much shorter than the timescales characterized by H' 1 or tp/tp. 
It is further assumed that the time average of these oscillations decays as (xl) oc t~ 2cr 
for some constant a and that the combined energy density in the scalar fields is tracking 
that of the perfect fluid. This implies that the universe expands as if it were sourced 
only by the perfect fluid, H = 2/(3^). 

It can then be shown that an approximate solution to Eqs. ©-(jl]) is given by [22] 

^ 4 (!-7) ln ^ (6) 

XaOcK ^exp(-ij u) a (t')dt'} , (7) 

I The fields are described as canonical when they have standard kinetic terms in the action, i.e., when 
the metric on the target (field) space is trivial, 7 a (, — diag(l, . . . , 1). The fields are non-canonical when 
this condition is not satisfied. 
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where u a ~ m a e cip l 2 , a = (2— 7V7 and a time average (xl) = ^Kxi) nas been employed 
to remove the effects of the oscillations. The time-averaged effective energy density of 
the fields therefore scales with cosmic time as 

and this implies that the fraction of the total energy density in the scalar fields is given 
by Eq. (j2J). Hence, the universe exhibits scaling behaviour where the energy densities 
of the fluid and scalar fields redshift at the same rate. It is important to emphasize that 
the ratio (j2J) is independent of the total number and masses of the oscillating fields. It 
is also worth remarking that the scaling solution only arises for 7 > 1 and c 2 > 3(7 — 1). 



2.2. Necessary Conditions for Scaling Behaviour 

Multi-exponential potentials typically arise in the dimensional reduction of supergravity 
theories. A suitable framework to consider, therefore, is given by a set of N canonically 
coupled scalar fields, (p = (0i, . . . , 4>n), which interact through M exponential terms 
such that 

M 

V(<f>) = ]TA a exp(a a -0), (9) 
0=1 

where the constant vectors a a parametrize the field couplings, a a • 4> = Z)i=i a ai4>\ an d 
the constants A a may be positive or negative. We label the i th component of a a by 
a a i- The necessary conditions that the potential (jHJ) must satisfy for the existence of 
the scaling solution ([2]) are that it be semi-positive definite, admit a Minkowski global 
vacuum and contain an overall exponential factor. 

In general, the a a row-vectors form a M x N matrix, whose rank R determines 
the number of independent a a . Models of the type dHJ) can be separated into two 
main classes, characterized by whether the a a -vectors are linearly independent (Type 
I) or linearly dependent (Type II) [H]. We focus on the latter class of models in this 
subsection, since the potentials which arise in the following Sections belong to this 
class. Furthermore, if R < N, one may perform an orthogonal rotation in field space to 
decouple (N — R) of the fields from the potential. These degrees of freedom may then 
be consistently set to zero and we assume that such a rotation and truncation has been 
performed in what follows. 

A necessary condition for reducing the general type II potential (GO) to the form 
(CE]) is that there should exist a rotation in field space, — > 0, which transforms the 
potential into the separable form 

V{<p)=e a nU(<p a ,...,<p N ), (10) 

where c is a constant and U is a positive, semi-definite function. To establish when 
this is possible, we label the R independent vectors a a with a = 1,...,R [T5] . The 
remaining dependent vectors dj, with R + 1 < b < M can then be expressed as linear 
combinations of the a a vectors such that ctu = J2a=i c ba®ai, where Q, a are constant 
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coefficients. Introducing a unit vector n that satisfies the condition a a ■ n = c for all 
a < R and defining a new basis (f) = (pin + (p± then implies that a al = c in this basis 
for all a < R [Hi [T2l [15]. It then follows that the 1-components of the ctb vectors are 
given by 

R R 

= C ba a a i = cJ2°ba (11) 
a=l a=l 

and consequently, the potential (Q can be factorized into the separable form ffTO]) if the 
coefficients c ba are related through the so-called 'affine' condition [T H [T2 | 115]: 

R 

Yc ha = l V & = i2+l,...,M. (12) 

a=l 

A further necessary condition for the potential ( |T0|) to reduce to Eq. ([1]) is that the 
function U should admit a global minimum: 

U = } diU = 0, d i d j U>0 (13) 

and depend quadratically on the fields (p a for a > 2 in the neighbourhood of this critical 
point. Conditions ffl2|) and (T3~3|) arise naturally in duality twisted compactifications of 
higher- dimensional, non-linear sigma-models and we focus on such compactifications in 
the following Section. 



3. Dimensional Reduction with a Duality Twist 

In the Kaluza-Klein compactification of a (D + n + l)-dimensional supergravity theory 
to (D + 1) dimensions, the full set of massless scalar (moduli) fields $ a typically 
parametrize a coset space G/K, where K C G is the maximal compact subgroup of 
a non-compact Lie group G. (For a review, see, e.g., |30j). The graviton- moduli sector 
of the dimensionally reduced action is given by a non-linear sigma-modeF" 



S = J d D+1 



x \ 



R+-Ti[VMVM- 



4"V yj. ( 14 ) 

where the symmetric moduli matrix jCi(&) G G determines the metric on the coset 
space, ds 2 = — ^Tr^dAidXi^ 1 ). Action fTl4|) is invariant under the global G symmetry 
transformation g^ v — > g^ u and M. — > U T XiU, where U G G is a constant matrix. 

The ansatz for a consistent dimensional reduction of action (TH|) on a circle with a 
G duality twist is [21 EH [26j [29] 

d S ^ +i = e ~2^ ds 2 D + e 2{D-2) a ^ dy 2 (15) 

.M(x, y) = A T ( 2 /)^(x)A( 2/ ), A(y) = exp (C7j/) , (16) 

§ The covariant derivative on the (Z? + l)-dimcnsional spacetimc is denoted by V and the corresponding 
derivative on the £>-dimensional spacetime is denoted by d. We distinguish (D + l)-dimcnsional fields 
from D-dimensional ones by a hat. The coordinates of the D-dimensional spacetime are denoted by x 
unless otherwise stated. 
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where the field ijj parametrizes the radius of the circle and 

a= . 1 (17) 
yj2{D-l){D-2) 

The matrix C = A _1 V y A = -(V V A _1 )A is an element of the Lie algebra of G and has 
dimensions of mass. The map X(y) = exp(Cy) has a monodromy C = exp(C) G G 
and the physically distinct reductions are characterized by the conjugacy classes of 
this monodromy [32] . The scalar kinetic term in Eq. (fT4"j) generates both a kinetic 
term and a scalar field potential in D dimensions and the resulting action is given by 

[22 GDI ESI [251 EH] 



S- 

V 



-2(D-l)aip 



U - \ {di)f + ^Tr (dMdM- 1 



V(1>,M) 



U(M), 



1. 



U(M) = ^Tr (C 2 + CM- 1 C T M 



(19) 



When D > 4, we may perform a standard Kaluza-Klein dimensional reduction on 
an isotropic (D — 4)-dimensional torus T D_4 with periodic coordinates z a ~ z a + 1, 
where all the moduli fields on the torus are frozen with the exception of the breathing 
mode, a, which parametrizes the volume of T D ~ A . In this case, the metric ansatz is 

e 2ea dsl + e 2u)a 5 ab dz a dz b 

2e 



ds 2 D 



ID -A 



UJ 



2V D-T D-A 
and this results in the four- dimensional action 



(20) 



S 



dS 



R-- (d^) 2 - - (da) 2 + ^Tr {dMdM 



_ e -2(D-l)aV+2^ f/ (_ M) 



(21) 



An SO(2) rotation on the moduli fields {ip, a} defined by 
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1 
73 



I2(D 



D 



-i> + 



'D-A 



D 



-a 



1 

7s 



ID -A 



D 



<2(D-1) 



D 



-a 



(22) 



then decouples the 7-field from the moduli potential ( 12T1) . Consequently, the potential 
reduces to the separable form required for scaling cosmology: 



V 



Tr C 2 + CM' 1 C T M 



(23) 



The question that now arises is whether the function U(M) has a stable minimum 
at U = 0. To proceed, it proves convenient [25J to introduce the real vielbein matrix 
V G G defined by M = V T V and the real, symmetric matrix Y = [C + C T ], where 
C = VCV^ 1 . The potential ff23l can then be expressed as 



V 



(24) 
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and, since Y is diagonizable and has real eigenvalues, it follows that Ty(Y 2 ) is the sum 
of the squares of these eigenvalues. Hence, the potential is semi-positive definite, V > 0, 
and can vanish at a point $o m the moduli space if and only if Y = [25]. This occurs 
when C is given by a rotation generator at that point, Cq = —Cq, which implies that 

M C = -C T M . (25) 

The solution to Eq. ( 1251) is given by C = Sq 1 RSq and Aio = SqSo, where So E G is a 
constant matrix and R = —R T is a generator of 0(n). In particular, when C is itself 
a n x n antisymmetric matrix Eq. ( 1251) is solved by A4q = I n , where l n is the identity 
matrix. 

To summarize thus far, the potential (|23l) has a stable Minkowski minimum when 
Eq. (1251) is satisfied. Moreover, the exponential coupling c = of the <£>-field to the 
other moduli is independent of both the global symmetry group G and the spacetime 
dimensionality D. However, in general the fields parametrized by the moduli matrix 
M. will not necessarily have a canonical kinetic energy term, as was assumed in the 
derivation of Eq. (T5]). Thus, we can not yet conclude that scaling cosmologies in 
four dimensions will necessarily arise. On the other hand, if the canonical condition 
is satisfied, we arrive at the generic prediction that the scaling cosmologies will be 
characterized by the fractional energy densities 

fi 7 = 2- 7 , fi s = 7 -l (26) 

for the fluid and scalar fields, respectively. 

Condition (|25l) implies that TrC = 0, in which case C belongs to the Lie algebra of 
SL(n,R). In the following Section, therefore, we investigate when scaling cosmologies 
may arise after compactification with aG = SL(2, R) duality twist. 



4. Scaling Cosmologies from a G = SL(2, R) Duality Twist 

The Kaluza-Klein reduction of (Z}+3)-dimensional pure gravity with an Einstein-Hilbert 
action on a two-torus T 2 with real periodic coordinates z a ~ z a + 1 and fixed volume 
results after truncation to the zero-mode sector in a (D + l)-dimensional action of the 
form (fT4"]) . where the scalar fields take values in the coset space SL(2, i?)/SO(2). This 
internal symmetry of the torus can be promoted to an external symmetry of the (D + 1)- 
dimensional theory, which can then be exploited to perform a further reduction onto a 
circle with an SL(2,i?) duality twist. 

The SL(2, i?)/SO(2) non-linear sigma-model is parametrized by a complex 'dilaton- 
axion' field f = fi + IT2 = x + where the moduli matrix is given by 

M = ±(l ,1^. (27) 



(28) 



t~2 \ n 

The corresponding action (|T4|) has the form 

1 /_^\2 1 



s 



Jd D ^x^\[R-^(v^ 2 -^(v x y 
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In general, a dimensional reduction with a duality twist is characterized by the 
conjugacy classes of the monodromy |32j. The group SL(2,R) has three such classes 
and it can be shown that the lower-dimensional potential admits a stable Minkowski 
minimum only for the elliptic class represented by the monodromy matrix [25] 



C 



cos m sm m 
— sin m cos m 




C = -mJ, J = , (29) 



where m is a constant mass parameter and J is the generator of SO (2). In this case, 
the moduli potential (fl9j) simplifies to [261 



17 = ^Tr (-I 2 + .M 2 ) , (30) 

where the condition Ai^ 1 = —JM.J has been employed. 

The reduction of theory (j2Sj) on S 1 with an elliptic SL(2, R) duality twist, followed 
by the Kaluza-Klein toroidal compactification outlined in Eqs. ( I20l -( l22|) . therefore leads 
to the four-dimensional action 



S = J d A X\J\g~ 



2 ^ , ^ ^ , (3D 

The potential in Eq. fl3Tl) has a stable Minkowski minimum at <fi = \ = and, since the 
axion field \ appears quadratically in the potential, it may consistently be set to zero. 
In this case, the potential simplifies tcjjj] 

V = 2m 2 e^sinh 2 (32) 

and Eq. (1321) reduces to Eq. ([T]) in the limit where |0| 1. Moreover, since the 0- 
and <£>-fields have canonical kinetic energy, we may conclude that they drive a scaling 
cosmology in the presence of a background fluid. 

Fig. [1] gives the results of a numerical calculation for the system (|32|) when a 
relativistic fluid is present. The full field equations are presented in Appendix A and 
follow by specifying \ = in Eqs. flA.ll) - flA.5j) . The evolution of the fractional energy 
densities for the fluid and scalar fields is shown as a function of the number of e-foldings, 
N = In a, in the left-hand figure. The dashed lines correspond to the values f2 7 = 2/3 
and Q s = 1/3 that are predicted by the approximate analytic solution <^ and it is seen 
that the fractional densities asymptote to these constant values after a few e-foldings 
have elapsed. The right-hand figure illustrates the evolution of the respective fields. 

The question that now arises is whether similar scaling behaviour is possible when 
the axion field x is non-trivial. The non-canonical coupling of this field to may violate 

|| The potential (|32p can also be derived by compactifying vacuum Einstein gravity on the three- 
dimensional Bianchi-type VIIo manifold corresponding to the group ISO (2) [Til El ES] . This follows 
because the elements of the mass matrix C in Eq. (|29|) correspond to the structure constants of the 
iso(2) algebra. 




Figure 1. Illustrating the scaling solution for the four-dimensional cosmology derived 
from compactification of the SL(2, R) non-linear sigma-model with a duality twist in 
the elliptic conjugacy class. The axion field in action ([3"Tj) has been set to zero and the 
background fluid has a relativistic equation of state, 7 = 4/3. In the left-hand figure, 
the fractional energy densities of the fluid, f2 7 , and the scalar fields, Q, s , asymptote to 
the values predicted by the analytical solution ([6]) . Initial conditions are chosen so that 
Pj,i = 0.15, (fi = 0.1, <f>i = 0.1 and p 7 .i = ip = <f) — and the mass parameter m = 1. 
The right-hand figure shows the evolution of the fields with respect to the number of 
e-foldings, N = In a. 



one or more of the necessary conditions that must be satisfied for cosmological scaling 
to proceed. We address this question by employing symmetry arguments. Although the 
kinetic sector of these fields is invariant under a general SL(2, R) transformation, the 
potential in the action (l3Ti) breaks this symmetry. On the other hand, the potential ( |30l ) 
is invariant under a global SO (2) symmetry. This implies that four- dimensional action 
( I3"T1) exhibits an SO (2) symmetry: 

9^ = 9^, V = V, M = Z T MZ, (33) 

where 

/ cos 9 sinfl \ 

h -[ -sm9 cos9 ) {6A) 

is an arbitrary, constant SO (2) matrix satisfying S T S = I 2 . The transformation (1331) 
acts non-linearly on the scalar fields <p and \ such that 

e^ S V* + (c + sx)V 

^ = cse-* - (s - c X ) (c + s X )e\ (35) 

where c = cos 9 and s = sin 9. 

We may employ Eq. fl35l) to generate a cosmological solution involving a non-trivial 
axion field (x 7^ 0) directly from a background where such a field is trivial (x = 0). 
Moreover, the spacetime metric is invariant under the action of Eq. (!33l) . This implies 
that a perfect fluid source may be introduced into the system without breaking the 



2 4 6 

N 

Figure 2. Illustrating the scaling behaviour of the four-dimensional cosmology derived 
from the compactification of the SL(2, R) non-linear sigma-model with a duality twist 
in the elliptic conjugacy class. The axion field in action (|31|) is non-trivial. The 
background fluid has a relativistic equation of state, 7 = 4/3, and the initial conditions 
are the same as in Fig. [I] with \ = 0.1 and x = 0. The product Ht, where H denotes 
the Hubble parameter, tends to a constant, Ht — > 1/2, which implies that the scale 
factor grows as a oc i 1 / 2 . 

symmetry of the field equations. Since the evolution of this fluid depends only on the 
cosmic scale factor, its energy density and pressure will remain invariant under a global 
SO(2) transformation. Hence, any scaling behaviour which arises in the absence of the 
axion field will also be possible when this field is dynamically non-trivial. In general, 
the evolution of the moduli fields and x will be determined by Eq. (|35|) . where 
X = and the time-dependence of <fr is given by the analytic solution ([6]). Although 
the fractional energy densities of the individual fields will alter under the symmetry 
transformation ( l35l) . their combined fractional density will remain invariant and will be 
given by Q s = 7 — 1. 

Fig. [2] shows a numerical integration of the spatially flat FRW field equations 
(1A.ip - (1A.5p derived from the full action ( 13TT) when a relativistic fluid is present. The 
solution asymptotes to a power- law expansion of the scale factor, a oc t 1//2 . Fig. [3] shows 
the evolution of the fluid and moduli field energy densities and it is seen that these 
parameters also asymptote to their analytically predicted values. 

Thus far, we have considered the cosmological dynamics of a model derived from 
pure Einstein gravity in (D + 3) dimensions compactified on a 2-torus. In the following 
Section, we extend this analysis to consider the non-linear sigma-model that is motivated 
by the compactification of the NS-NS sector of the string effective action on T 2 . 

5. Scaling Cosmologies from a G=0(2,2) Duality Twist 

The NS-NS sector of the ten-dimensional string effective action consists of the graviton, 
the dilaton and an antisymmetric two-form potential, B. After toroidal compactification 
on T 2 , the resulting massless scalar fields parametrize the 0(2, 2)/0(2) x 0(2) coset 
when the value of the dilaton field is fixed [34|. In general, the group 0(n, n) is the non- 




Figure 3. Illustrating the evolution of the fractional energy densities of the fluid 
and moduli fields for the model shown in Fig. [5] where the axion field is non-trivial. 
The densities asymptote to the analytically predicted values J7 7 = 2/3 and Sl s = 1/3, 
respectively. The right-hand figure shows the evolution of the fields. 



compact, pseudo-orthogonal group in 2n dimensions (see, e.g., [35]). Its representation 
is given by matrices U that preserve the bilinear form 77: 

where I n is the n x n identity matrix. Since rf 
by U^ 1 = i]U T r]. 

The group G = 0(2,2) is isomorphic to SL(2, R) x SL(2,_R) and is related to the 
T-duality group of the two-torus [35] . This implies that the four degrees of freedom may 
be arranged into two complex coordinates defined by [36] 

r, 



(36) 

l2n, the inverse of U is given linearly 



T = Ti + IT 2 



mn , 

+ 1-, 



r r 

p = pi + ip 2 = B mn + z'VT, (37) 

where the metric on T 2 is denoted by ds 2 . = T a bdz a dz b and has determinant T = detr a b. 
The corresponding non-linear sigma-model is given by Eq. ( |14l) . where the moduli 
matrix takes the form [35] 



M 



^12 



/ 1 

1 -n 

T2P2 -npi pi|r| 2 

V -pi Txfh 

An element C of the Lie algebra of 0(n, n) satisfies the constraint 
rjC + C T 7] = 0. 



-Tipx 
Pi\r\ 2 
\r\ 2 \p\ 2 

n\ P \ 2 



-Pi \ 

T1\P\ 2 
\P\ 2 J 



(3f 



(39) 
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We are free to choose any form for C when reducing the theory on a circle with a duality 
twist as long as it belongs to this Lie algebra. We specify 

C=( miJ T m ' J T ), (40) 
y m 3 J miJ J 

where are constant mass parameters and J is the SL(2,i?) metric defined in Eq. 
( |29l) and satisfying J 2 = — 12. After a twisted reduction with this mass matrix, the 
moduli potential takes the form 

U = -2(m\ + ml) - ^Tr {Cr]M7]CM) (41) 

and, since C = —C T , this potential admits a global Minkowski minimum at Aio = I4. 

The SL(2,i?) subgroups of 0(2,2) can be made more transparent by defining the 
SL(2, R) matrices 

1 -;;). 1 < 42 > 

T2 \ -Ti \t\ 2 J p 2 \ -pi \p\ Z J 

The moduli matrix fl38l) can then be written in the block form 



M = U " 7*") (43) 
P2 V Pi JS \P\ s J 

and this implies that the moduli potential Pdl) simplifies to 

U = m\ Tr (-I 2 + S 2 ) + Tr (-I 2 + P 2 ) . (44) 

The potential ( )44|) is manifestly invariant under two global SO (2) transformations. 
The 0(2,2) matrix that generates such transformations is given by [36J: 

n - ivn, = f Cl i; T SlS J/ 1 , (45) 



where 



S S C2 52 (46) 

and Cj = cos#j, Sj = sin^j. Matrix (|45p satisfies the conditions fifi T = I 4 and Q T rjQ = rj 
and these conditions imply that 7]Q = Qrj. Moreover, it may be verified that CQ = QC, 
which implies that Crj = QCr]Q T . Hence, the moduli potential (I4ip is invariant the 
global symmetry transformation 

M = Q T MQ (47) 

and the dimensionally reduced action will respect this symmetry, where the metric 
transforms as a singlet. 

We may now employ the arguments of Section H] to deduce that the potential (14"T!) 
admits cosmological scaling behaviour in four dimensions. Eq. ()44l) implies that the real 
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(axionic) components of the complex moduli (13T1) appear quadratically in the potential 
and these degrees of freedom may therefore be set to zero. In this case the potential 
reduces to 

V = 4e^ m ) sinh 2 0j, (48) 

j=l,3 

where we have labelled the canonical fields e~^ x = \/T/T nn and e~^ 2 = a/T, respectively. 
Eq. (T48]) reduces to Eq. ([1]) in the limit \<f>j\ <C 1 and the cosmological scaling 
solution ([2]) will therefore arise in the presence of a background fluid, since this 
behaviour is independent of the mass parameters rrij and the number of moduli fields <pj. 
Moreover, the symmetry transformation ( 1471) may be used to generate non-trivial, real 
components for the complex moduli fields f|3T|) . Specifically, the matrix Q p generates 
the transformation 

~ s 1 + c 1 p „ 

p = , t = t (49) 

Ci - Sip 

that leaves the complex scalar field r invariant and the matrix Q T generates the 
transformation 

~ C 2 T-S 2 _ 

r = ■ , p = p 50 

S 2 T + C 2 

that leaves p invariant. Since the four- dimensional metric is invariant under these 
transformations, the scaling behaviour (T5]) will be preserved when the axion fields evolve 
non-trivially. 

In the following Section, we extend our discussion to consider models which exhibit 
a global SL(n, R) symmetry. 



6. Scaling Cosmologies from a G = SL(n, R) Duality Twist 

The SL(n, R) non-linear sigma-model is motivated by the Kaluza-Klein compactification 
of pure Einstein gravity on an n-dimensional torudS The dilatons which arise in such 
a reduction parametrize a geodesically complete submanifold in the coset space and 
this allows for a consistent truncation where the axion fields are frozen. We therefore 
consider the maximal Abelian subgroup of SL(n, R), where the moduli matrix M. takes 
a diagonal form 

M = diag (e~^) , a = 1, . . . , n (51) 
and the vectors (3 a denote the weights of the SL(n, _R)-algebra and satisfy the conditions 

a 
a 

Pa'Pb = 2<U - - (52) 
n 

% The case n = 4 is of particular interest, since SL(4, R) is isomorphic to SO(3,3). This latter group 
arises as the global symmetry of the dimensionally reduced NS-NS string effective action on T 3 . 
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in the fundamental representation. It follows immediately from Eq. (1521) that the kinetic 
sector of the (n — 1) moduli fields takes the canonical form: 



Tr VMVM 



-i 



-25 ab V<p a V<p b 



(53) 



The matrix C should belong to the Lie algebra of SL(n, R), i.e, it should be a real, 
traceless, n x n matrix. We consider the case where 



C 








nil 


















—nil 






























m 3 


















-m 3 






























m 5 




V 














-m 5 




/ 



(54) 



and m a are constants. We reduce the (D + l)-dimensional SL(n, R)/SO(n) non-linear 
sigma-model on a circle with a duality twist by employing Eqs. (15T1) and (l54"j) . When n 
is even, we find that the action reduces to that of Eq. (fT8l) . where the potential (fT9l) is 
given by 



V = 2e' 2{D -^ £ m) sinh 2 - - 



(55) 



and the sum is over j — 1, 3, . . . , (n — 1). 

Let us consider the case n = 6 as a concrete example. A convenient basis for the 
weights of SL(6, R) which satisfies the constraints ( 1521) is given by 



Pi 



o,- 



V3' V6 
2 1 

4 



10' 
1 



15, 
1 



0,0,0, 



10 

1 



04 



10' V^5, 



and it follows from Eq. (1561) that 

& -A = (-2,0,0,0,0), 
4 



ft 



0,0,0,0 



V3'\/6 : 
3 

5 ^ 



10' ^T5, 



0,0,- 



10' v 7 !^/ 



15, 



(56) 



2 4 

,°'7f-Vi- - , 



/3 6 -/?5 



0,0,0, 



15, 



(57) 



respectively. Consequently, the two SO (2) field redefinitions 



^3 
V>5 



1 

2 
1 

2 



4 



v/6 



73 = ^ 



75 



+ 



10 



(58) 



decouple the scalar degrees of freedom 73 and 75 from the potential ( 1551) . These fields 
may then be set to zero. A further toroidal compactification to four dimensions, as 
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outlined in Section [3J then results in an action consisting of four canonical fields which 
interact through the potential 

y = 2e Stp ra?sinh 2 Vj, (59) 

j=l,3,5 

where we have labelled <\>\ = —ipi- 

The potential fl59|) is of the general form (jUJ). It belongs to the type II class of 
models since the seven a a vectors are linearly dependent and satisfy the affine relation 
( TT2]) . Moreover, the rank of the 7x4 matrix formed from the a a is four, which implies 
that no further decoupling of the fields from the potential can be made. Since the 
potential (159j) is in the separable form (TlOl) and reduces to Eq. (CQ) in the small ipj 
limit, we may conclude immediately that this type of twisted compactification admits 
the cosmological scaling solution (j2j). 

It can be verified that since the weights of SL(n, R) satisfy the constraints ( 1521) . 
similar potentials of the form (|59|) arise for all even values of n and differ only by 
the number of hyperbolic terms in the summation. Scaling behaviour will therefore be 
generated in these cases, since such behaviour is independent of the number of oscillating 
fields and the magnitude of the mass parameters rrij. 

Likewise, the scaling cosmologies are preserved in the presence of the axionic degrees 
of freedom. In general, when the mass matrix belonging to the Lie algebra of G 
is antisymmetric, the monodromy C = exp(C) is an element of the rotation group 
O(n) and therefore satisfies CC T = l n . This implies that a Minkowski minimum in the 
potential located at M.® = I n in the moduli space is a fixed point under the action of the 
monodromy group, since Ai — > C T A4 C = C T C = l n [25]. Consequently, the reduced 
theory will be symmetric under the action of an SO(n) transformation if G' = SO(n) 
is a subgroup of G. In the case where G = SL(n,R), such a transformation may be 
employed to generate a cosmological background with non-trivial axion fields, as was 
demonstrated explicitly in Section H] when n = 2. More generally, the moduli potential 
( fl9|) is invariant under A4 — > Q T A4Q if the mass matrix transforms as C — >• Q T CQ, 
where QQ T = l n . In this case, Q T CQ belongs to the Lie algebra of SL(n, R) if Tr C = 0. 

In the following Section, we use the above results to resolve an apparent ambiguity 
that arose in the work of Ref. [22J. 

7. Compactification on an Elliptic Twisted Torus 

When the duality symmetry has a geometrical origin, as is the case when G = SL(n, R), 
a reduction with a duality twist is equivalent to compactification on a twisted torus [27J . 
In this latter scheme, the dependence of the fields on the internal coordinates y % arises 
through a matrix cr l m (y) with inverse ^(y) [21]. The compactification is consistent 
if the matrices cr l m (y) satisfy the constraint f m np = —a l n a^ p {d i aj' — dja™), where f m np 
are the structure constants for a Lie group G. The four-dimensional potential is then 
determined by these structure constants and the metric on the internal manifold. 
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The elements of the mass matrix (1541) represent the structure constants of the elliptic 
twisted torus employed by KSH in the compactification of eleven- dimensional pure 
Einstein gravity [22]. This manifold is related to the Lie group ISO(n), corresponding to 
the group of isometries of n-dimensional Euclidean space. In the case where the internal 
manifold has a diagonal metric, the potential in the twisted torus compactification was 
found to have the form [22 



i 2 V2- 



V3 



<P3 
"73" 



§V4" 



17 



•P7 



•PA 
V6~ 



vTo 



y7 



|V4 



■■ft; 



<f>r> 



y7 



(60) 



where the seven moduli fields (p a are related to the components of the internal metric 
and are canonically coupled to Einstein gravity. The field (pi parametrizes the volume 
of the internal space. 

The numerical results of [22J indicate that at late-times the system oscillates around 



the vacuum ip 2 = ^3^3, y?4 = y5/3</? 5 and (p 6 = y 7/5y?7, where the modulus field tpi 
increases monotonically with time. This would imply that the potential should reduce 
to Eq. (CQ) in the neighbourhood of this critical point, where c = —3/^/7. Consequently, 
the scalar fields should contribute a fraction Q s ~ 7(7 — l)/3 of the total energy density 
during the scaling regime. However, although the numerical simulations of [22] indeed 
confirmed the existence of scaling behaviour, it was found that Q s ~ 1/3 in the presence 
of a radiation fluid, which corresponds to c = y/3. The results from Section [6] imply 
that this is indeed the correct value for the coupling parameter. 

To gain further insight, we rewrite the potential fl60l) in the more compact form 

6 

V = £ ™%e?r* - 2M 2 e 5r<? , (61) 
i=i 

where = (cpi, . . . , the constants m 1 = m 2 , m 3 = m 4 , m 5 = m 6 and M 2 = 
m 2 + m\ + m\. The constant vectors <3j parametrizing the field couplings are given by 




0L2 



0C3 



a 1 



«5 



V3' Vq 

3 4 1 

'TP ' 73' Te 
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- = (_A 1 A A 
- = LA i A A 

" 7 l V7 ' 'V3'V6' 



10' 



1 



'15 V21, 
I 1 \ 



(62) 



(63) 



ao vis v2i, 

and satisfy the affine relations: 

dj + a j+ i = 2a 7} j = 1, 3, 5, 

Hence, the potential (1601 is of the type II discussed in Section [2j 

The 7x7 matrix formed from the ctj vectors has rank R = 4, so three of the 
scalar fields can be decoupled from the potential. We now define new fields such that 
ip = ipn + where n is a unit vector, ip is a scalar function and <p± is perpendicular 
to ft, i.e., n ■ (p± = [211 [37]. The projections of the vectors dj onto n must satisfy the 
constraint dj ■ n = c for all j, where c is a constant. The value of c may be deduced by 
considering the symmetric matrix 

3 
3 
7 



/ 7 



-1 



3 
3 
3 
3 

V 3 



7 

3 
3 
3 
3 
3 



3 
3 



1 



-1 7 

3 3 



3 
3 



3 
3 



3 
3 
3 
3 
7 

-1 7 

3 3 



3 
3 
3 
3 



3 \ 
3 
3 
3 



1 3 
3 



(64) 



3 J 



Since dj ■ a 7 = 3 for all j = 1, . . . , 7, we may specify n = a 7 / v^3 and c = v^- 
The equations of motion for the (^-fields are given by 

6 

d 2 - J2 "'■'>> " V/ + 2M 2 a 7 e" 7 ^ = 0. 
Taking the dot product of Eq. (1651) with respect to the unit vector n yields 



d 2 (p — ce 



C(f 



(65) 



(66) 



and it follows after substitution of Eq. (1661) into the field equations (165!) that 

6 

<9V± - e ctp J2 m ) («i - «r) = °- 

Employing Eq. ( 1621) for each of the components ip±i of (p± in Eq. ( 1671) then implies that 



(67) 



d 2 (f± 2 



f±3 

V3, 



o. 



0. 



VV3 x/5, 







These linear combinations of (p±i represent the three degrees of freedom that decouple 
from the potential. 
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The field equations for three of the remaining four interacting fields can be derived 
by considering the dot product c?j • <p± with i — 1, ... ,6. Only three of the • ip± fields 
are independent, since the orthogonality constraint a-j ■ 0± = and the affine conditions 
(|63|) together imply that 

on ■ <f± = • <P±, i = l,3,5. (69) 

Hence, taking the dot product of Eq. (1671) with dj results in the equations of motion: 

6 

d 2 (c7i -0A_)-e CLp Y, m ) («i • «i - 3 ) eSj ' 0± = ( 70 ) 

3=1 

and it follows from the matrix (1641) and constraints (|69|) that 

d 2 ■ <p ± ) - 8m 2 e cip sinh (a< • = 0. (71) 

Finally, the fourth interacting scalar is the function (p and its field equation (1661) reduces 
to 

<9V-4ce c ^ ^ mjsinh 2 3-^) = 0. (72) 

j=l,3,5 V 2 / 

The question that now arises is whether the dj ■ (p± fields are canonical. In general, 
the field rotation introduces off-diagonal terms into the metric of the field space. On 
the other hand, a consistent solution to Eq. (f6"8"j) is given by 

V?-L2 = -— =</?-L3, V?-L4 = -^^±5, V?±6 = ~^^±7 (73) 

and, since Eq. ( 1681) and the constraint d-j ■ (p± = imply that (p±i = 0, Eq. (173"]) is 
equivalent to 

8 12 
«i • £i = 4v?± 2 , a 3 • <P± = ~7=<P±4, «5 • <p± = —e=<£±.6- (74) 

VO v 15 



This implies that 



80 -80= {dtp) 2 + \ £ id(^-0±)] 2 (75) 

4 i=l,3,5 

and we conclude, therefore, that the field equations (17T1) and (1721) can be derived from 
the effective Lagrangian 

£ = ■ - Ae CLp m ) sinh2 ( 76 ) 

2 J'=l,3,5 

where ^ = (</?, ^i, ^3, ^5), = |c?j • <£j_ and c = \/3. The potential in Eq. ( 1751) is 
precisely of the form given in Eq. ( l59j) . confirming that the radiation scaling solution is 
indeed characterized by Q s = 1/3. 
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8. Conclusion 



In this paper we have investigated the cosmological consequences of the Scherk- 
Schwarz compactification of higher-dimensional non-linear sigma-models. If the (D + l)- 
dimensional theory exhibits a global symmetry G, reduction on a circle with a G duality 
twist, followed by a Kaluza-Klein reduction on an isotropic (D — 4)-torus, results in an 
effective four-dimensional potential of the form V = e cx U(Ai), where c = \/3 and 
M. G G represents the matrix of moduli fields. The value of the coupling parameter 
c = v^3 is independent of the symmetry group G and the spacetime dimensionality 
D. When the scalar fields are canonically coupled and the function U admits a 
Minkowski ground state, oscillations of the moduli around this vacuum support a 
cosmological scaling solutionE] in the presence of a perfect fluid [22] . When the fluid has 
a relativistic equation of state, the fluid and scalar field energy densities are predicted 
to be VL 1 = 2Q S = 2/3 and this was confirmed by numerical simulations. The scaling 
solution (jHJ) therefore provides a very good approximation to the cosmological dynamics 
in this regime. 

These conclusions can be extended to non-canonical moduli when the dimensionally 
reduced action is symmetric under a global symmetry G' C G, where the metric 
transforms as a singlet under the action of G' . In the case where G = SL(n, R), 
the moduli potential is invariant under G' = SO(n). Since the perfect fluid source 
does not break the corresponding symmetry of the field equations, such a symmetry 
transformation may be employed to generate a cosmological scaling solution with 
dynamical, non-canonical fields from a background where such fields are trivial. 

Finally, we have resolved an apparent ambiguity between the analytical and 
numerical results of [22] by demonstrating explicitly that the potential derived from 
the reduction of eleven-dimensional pure Einstein gravity on an elliptic twisted torus 
reduces to a potential of the form (TjQ) with c = after three of the moduli fields have 
been consistently decoupled from the potential. 



Appendix A. Cosmological Field Equations for the SL(2, R) Model 



The scalar field equations derived by extremizing the action (13111 are given by 



(p + mcp + 



e^(x 2 + l) 2 + e- 2 ^ + 2( X 2 -l 



+ 3#0 - e 2 * X 2 + m 3 e^f [e 2 ^ ( X 2 + if - e 



2q 



(x 2 + i) 



,-20 



The perfect fluid satisfies the standard conservation equation 
p 7 + 3H (p 7 + p 7 ) = , 



(A.l) 
(A.2) 
(A.3) 

(A.4) 



+ The solution ([6]) is only an approximate solution to the held equations and does not represent a 
global attractor of the system. Nonetheless, our numerical results indicate that it accurately describes 
the cosmic dynamics over a large number of e- foldings. 
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and the Friedmann constraint equation takes the form 
1 
6 



H 2 



i 2 , 1 12 , 1 2 (A • 2 

Pl + 2 V 2^ 2 6 X 



+ e 20 ( % 2 + ± y + + 2 ( X 2 - 1 



(A.5) 



Acknowledgments 



We thank C. Hidalgo for helpful discussions. 



References 



[1] Wetterich C, Cosmology and the fate of dilatation symmetry, 1988 Nucl. Phys. B302 668 
[2] Ratra B and Peebles P J E, Cosmological consequences of a rolling homogeneous scalar field, 1998 
Phys. Rev. D37 3406 

[3] Caldwell R R, Dave R and Steinhardt P J, Cosmological imprint of an energy component with 
general equation- of- state, 1998 Phys. Rev. Lett. 80 1582-1585 |astro-ph/970 8069 

[4] Copeland E J, Liddle A R and Wands D, Exponential potentials and cosmological scaling solutions, 
1998 Phys. Rev. D57 4686-4690 |gr-qc/9711068] 

[5] Ferreira P G and Joyce M, Cosmology with a primordial scaling field, 1998 Phys. Rev. D58 023503 
[astro-ph/97lil~02j 

[6] Liddle A R and Scherrer R J, A classification of scalar field potentials with cosmological scaling 

solutions, 1999 Phys. Rev. D59 023509 |astro-ph/9809272| 
[7] Zlatev I, Wang L M and Steinhardt P J, Quintessence, cosmic coincidence, and the cosmological 

constant, 1999 Phys. Rev. Lett. 82 896-899 |astro-ph/9807002| 
[8] Steinhardt P J, Wang L M and Zlatev I, Cosmological tracking solutions, 1999 Phys. Rev. D59 

123504 |astro-ph/9812313| 
[9] Ng SCC, Nunes N J and Rosati F, Applications of scalar attractor solutions to cosmology , 2001 

Phys. Rev. D64 083510 | astro-ph/0107321| 
[10] Copeland E J, Lee S J, Lidsey J E and Mizuno S, Generalised cosmological scaling solutions, 2005 

Phys. Rev. D71 023526 |astro-ph/0410110| 
[11] Bergshoeff E, Collinucci A, Gran U, Nielsen M and Roest D, Transient quintessence from group 

manifold reductions or how all roads lead to Rome, 2004 Class. Quant. Grav. 21 1947-1970 

[hep-th/0312102 

[12] Hartong J, Ploegh A, Van Riet T and Westra D B, Dynamics of generalized assisted inflation, 

2006 Class. Quant. Grav. 23 4593-4614 |gr-qc/0602077] 
[13] Karthauser J L P and Saffin P M, Scaling solutions and geodesies in moduli space, 2006 Class. 

Quant. Grav. 23 4615-4624 |hep-th/0604046| 
[14] Collinucci A, Nielsen M and Van Riet T, Scalar cosmology with multi- exponential potentials, 2005 

Class. Quant. Grav. 22 1269-1288 |hep-th/0407047| 
[15] Rosseel J, Van Riet T and Westra D B, Scaling cosmologies of N = 8 gauged supergravity , 2007 

Class. Quant. Grav. 24 2139-2152 | hep-th/0610143| 
[16] Tolley A J and Wesley D H, Scale- invariance in expanding and contracting universes from two-field 

models, 2007 J CAP 0705 006 |hep-th/0703101| 
[17] Chemissany W, Ploegh A and Van Riet T, A note on scaling cosmologies, geodesic motion and 

pseudo-susy, 2007 |arXiv : 0704 . 1653 [hep— th]| 
[18] Liddle A R, Mazumdar A and Schunck F E, Assisted inflation, 1998 Phys. Rev. D58 061301 

astro- ph/9804177 

[19] Malik K A and Wands D, Dynamics of assisted inflation, 1999 Phys. Rev. D59 123501 
[astro-ph/98 12204 



Scaling Cosmologies from Duality Twisted Compactifications 



21 



[20] Copeland E J, Mazumdar A and Nunes N J, Generalized assisted inflation, 1999 Phys. Rev. D60 

083506 [astro-ph/9904309| 
[21] Green A M and Lidsey J E, Assisted dynamics of multi-scalar field cosmologies , 2000 Phys. Rev. 

D61 067301 |astro-ph/9907223| 



[22] Karthauser J L P, Saffin P M and Hindmarsh M, Cosmology with twisted tori, 2007 

[arXiv : 0705 . 3789 [hep-th]] 
[23] Turner M S, Coherent scalar-field oscillations in an expanding universe, 1983 Phys. Rev. D28 

1247 

[24] Scherk J and Schwarz J H, How to get masses from extra dimensions, 1979 Nucl. Phys. B153 61 
[25] Dabholkar A and Hull C, Duality twists, orbifolds, and fluxes, 2003 JEEP 09 054 
[hep-th/021020"9| 

[26] Cowdall P M, Novel domain wall and Minkowski vacua of D — 9 maximal SO (2) gauged 

supergravity, 2000 |hep-th/0009016| 
[27] Hull C M and Reid-Edwards R A, Flux compactifications of string theory on twisted tori, 2005 



hep-th/0503114 



[28] Hull C M and Reid-Edwards R A, Flux compactifications of M-theory on twisted tori, 2006 JEEP 

10 086 |hep-th/0603094| 
[29] Catal-Ozer A, Duality twists on a group manifold, 2006 JEEP 10 072 |; hep-th/0606278| 
[30] Lidsey J E, Wands D and Copeland E J, Superstring cosmology, 2000 Phys. Rept. 337 343-492 

(hejPth/9909061 

[31] Meessen P and Ortin T, An SL(2,Z) multiplet of nine- dimensional type II supergravity theories, 



1999 Nucl. Phys. B541 195-245 [hep-th/9806120 



[32] Hull C M, Massive string theories from M-theory and F-theory, 1998 JEEP 11 027 
[hep-th/981102l] 

[33] Hull C M, Gauged D = 9 supergravities and Scherk- Schwarz reduction, 2004 Class. Quant. Grav. 

21 509-516 |hep-th/0203146| 
[34] Maharana J and Schwarz J H, Noncompact symmetries in string theory, 1993 Nucl. Phys. B390 

3-32 |hep-th/9207016| 

[35] Giveon A, Porrati M and Rabinovici E, Target space duality in string theory, 1994 Phys. Rept. 

244 77-202 |hep-th/9401139| 
[36] Bailin D, Love A, Sabra W A and Thomas S, Duality symmetries of threshold corrections in orbifold 

models, 1994 Phys. Lett. B320 21-28 |hep-th/9309133| 
[37] Lu H and Pope C N, P-brane solitons in maximal supergravities, 1996 Nucl. Phys. B465 127-156 



hep-th/9512012 



